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Deep Doubly Curved Multilayered Shell Theory

Claire Ossadzow,* Maurice Touratier,” and Patrick Muller'
Laboratoire de Modélisation et Mécanique des Structures, 75252 Paris CEDEX 05, France

A two-dimensional theory is presented for the analysis of deep, doubly curved, multilayered shells. The theory is
based on a kinematical approach in which the continuity conditions for displacements and shear stresses at layer
interfaces and on the bounding surfaces of the shell are exactly satisfied. It also takes into account refinements of
the shear and membrane terms, by means of trigonometric functions as proposed previously for the transverse
shear. The accuracy of the proposed theory is assessed through investigation of significant problems for which an
exact three-dimensional elasticity solution is known: first, the bending of a three-layered, laminated, symmetric
cross-ply rectangular plate, simply supported along all edges, submitted to a double sinusoidal transverse loading,
and second, the bending of a circular, cylindrical panel. Results obtained with the model are compared with those
yielded by previous theories. The sensitivity of the model to edge effects, for a hard-clamped, free-edge cylindrical
panel, is also examined.

I. Introduction Touratier and Béakou® and Béakou and Touratier? However, that

EEP shells of laminated composite are being increasinglyused proposed model cannot be applied to deep shells.

in structural applications, and require the development of ef- The proposed model extends the work of Refs. 7 and 9-11 to
ficient tools for their design and sizing. Theories that account for moderately thick deep laminated shells. In addition to the Touratier
interlaminar stresses are not numerous. One of the most used ways model, the contact problem for shear stresses at layer interfaces
is to introduce piecewise linear approximation for displacements, as is solved and refinements of the membrane terms are taken into
Di Sciuva,! who assumedthe in-planedisplacementsto be piecewise account, by means of a cosine function.
linear functions of the thickness coordinate and imposed the conti- Note that, developing the sine and cosine functions to various
nuity of the transverse shear stresses at layer interfaces. Such theo- orders, previous plate theories'>~'* can be obtained. The model is
ries, however, do not allow the bounding conditions for transverse evaluated through significant problems, for which an exact three-
shear stresses on the top and bottom surfaces of the shell to be satis- dimensional elasticity solution is known. Comparison with the re-
fied. Timarci and Soldatos? introduced arbitrary shear-deformation sults obtained by previous theories show the improvement of the
shape functions, thus leaving open possibilities for particular shear- model. It is also shown that, unlike some shear-deformation theo-
deformable shell theories, such as the parabolic shear-deformable ries, no shear-correction factors are needed. The sensitivity of the
shell theory, which allows the boundary conditions on the top and model to edge effects is also tested on a particular case.

bottom surfaces of the shell to be satisfied. Recently, He? proposed . .
a refined third-order model that allowed both the coépatibri)litg con- IL . Kinematical Shell. Mpdel
ditions at layer interfaces and the bounding conditions for the trans- with Interlayer Continuity
verse shear stresses to be satisfied. A third-ordertheory allowing the A. Introduction to Shell Theory .
satisfaction of those latter conditions was also proposed by Shu.* We cpn§1der an undeformedlammate.d shell ofconstantthlcknegs
This paper presents a new approach for developinga simple and h, consisting of an arrangement of a finite number N of orthotropic
refined theory for deep, doubly curved, laminated shells, in which layers (see Fig. 1). The space occupiedby the shellis V. The bound-
the continuity conditions for displacements and transverse shear ary of the shell is the reunion of the upper surface €, the lower
stresses at layer interfaces and on the bounding surfaces of the shell surface €2, and the edge faces A. ) ) )
are exactly satisfied. The theory contains the same five generalized The interface between the ith and (i + Dth layer is £;, the dis-
displacements as the shear-deformation theory and is based on a tance between €2y and €; is x5, . The reference surface coincides
new assumed displacement field in which the shear is represented with the bottomsurface of the shell Q2. In this paper, the Einsteinian
by a sine function and where the membrane terms are refined by a sqmmatlon convention applies to rf.:pe.ated indices, where Latin in-
cosine function. The introduction of trigonometric functions in the dices range from 1 to 3 and Greek indices range from 1 to 2.
kinematics, in place of polynomial development of the thickness A point M out of the reference surface being given, let us denote
coordinate, was first suggested by Touratier? It then was used by P the point of the reference surface closest to M. Covariant base
Stein® to represent the transverse shear, but the Stein theory did vectors @; and g; and contravariant base vectors a' and g' in the
not allow the boundary conditions for the shear stresses on the top undeformed state of the shell are introduced as
and bottom surfaces of the shell to be satisfied. It was used again a, \a,

by Touratier,” but only in the case of shallow shells. The Touratier @ = P, 4 = la, Aall’ (@ nay)-a;> 0
model has since been extended to multilayered shallow shells b
Y Y g=M, (g1 182 8> 0, aap=5 ()
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identity tensor. Recall that
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N*™ layer

Fig.1 Geometry of the laminated shell.

in which the components of the shifter tensor are
s = 5 = b @
those of the curvature tensor are
by = aop - @ (5)
and its mix components are
by = —a3 5 -a” (6)
The surface metrics a; and o, are related to the a,s coefficients via
@ =ay @)

(no summation on / index).

In the following, the curvilinearcoordinates (or shell coordinates)
are assumed orthogonal and are such that the x; and x, curves are
lines of curvature on the reference surface x; =0; x3 curves are
straight lines perpendicularto the surface x; =0. R, and R, are the
values of the principal radii of curvature of the reference surface.

The distance ds between two points P(xi, x5, 0) and P'(x; +
dx,, x, +dx,, 0) of the reference surface Q, of the shell is given
by

(ds)* = aj(dxy)* + &5 (dx,)’ ®)

where o and «, are the surface metrics

, (0P\[oP 0
%= (a?)(a—)c,) ®

The distance d S between two points M (x;, x», x3) and M'(x; +
dxy, x, + dx,, x3 + dx3) out of the reference surface is given by

(dS)* = L3(dx))* + L3(dx,)* + L3(dx3)? (10)
where L, L,, and L are the so-called Lamé coefficients

Ly =oy[1+ (x3/ Ry)], Ly = o[l + (x3/ Ry)], L;=1

(11)

B. Kinematic Assumptions

Geometrical linear shells are considered, including an elastic-
linear behavior for laminates. The components of the displacement
field of any point M (x;, x,, x3) of the volume occupied by the shell,
V, expressed in the contravariantbasis (g%, g°) are assumed to be
in the following form:

Uy =g +x31, + f(%)?’f + g(x3) @
N-—1
+ Z Uy, (x3 — x3(m))H(x3 — x3(m)) (12)

m=1

U3=w

where [as suggested by Touratier’ for f(x3)]

f(x3) = (h/ m) sin(zxs/ h), g(x3) = (h/ m) cos(mxs/ h)

(13)

where H is the Heaviside step function defined by

1 for Xx;3 > x3,,

H(xs —x3,,) = (14)

0 for x;3< x3,,

This step function has been previouslyused by Di Sciuva' and He,?
among others. Also, asin Ref. 7, the choice for f(x3) can be justified
in a discrete-layer approach from the three-dimensional works of
Cheng's for thick plates.

In this displacement field, u, are membrane displacements, yg
are the transverse shear strains at x3 =0, and w is the transverse
deflection of the shell.

The g(x3) @, terms are refinements of membrane displacements,
and 1, and ¢, are functions to be determined using the boundary
conditions for the transverse shear stresses on the top and bottom
surfaces of the shell. With the help of the u,,,, which represent
the generalized displacements per layer, the continuity of the dis-
placements at layer interfaces are automatically satisfied from the
Heaviside function. They are determined from the continuity con-
ditions on the transverse shear stresses at the interfaces. Moreover,
keeping 7 functions in Eq. (12) allows finding Mindlin’s theory
for homogeneous plates either by developing by means of Taylor
expansion the sine at the first order or by setting f(x3) = x3.

To reduce the number of unknowns in the displacement field, the
continuity conditions of transverse shear stresses at layer interfaces
and on the bounding surfaces will be used in the following. The
transverse normal stress is ignored, and it is assumed that no tan-
gential tractions are exerted on the upper and lower surfaces of the
shell.

III. Interface Continuity and Boundary Conditions
A. Linear Constitutive Law

Recall that the coefficients of the constitutive law are generally
given in a coordinate system related to the material (material coor-
dinates), whereas we presently deal with shell coordinates.

Takinginto accountthe nullity of the transversenormal stress, the
orthotropic constitutive law per ith layer can be written as follows,
in material coordinates:

™ = Clogp €, ol =Clpem  (BFa)
(15)
= Cliy €
or in a matrix form as
{o™} = [ ]{e™ (16)
where
(o™} = [ol™, ™, ™, o™, o™} a7)
and
{em} = {el, ep, e, e, et} (18)

are the stress and strain vectors, respectively.

The i exponentrefers to the ith layer and the mat exponentrefers
to the material coordinates. Note that the Cf;ﬁ)y 5 coefficients are
bidimensionalcoefficients, related to the three-dimensional C f;ﬁ)y o
ones via

(i)3Dmal (l-)3Dmal

C(i)mal _ C(i)3Dmal _ Caa33 Cﬁﬁ33

aoff — ~aapp C@*Pma

3333

(iyma (i)3Pmat

Copap = Copop (B #a) (19)
@m (i)3Pmat
Caa33 - Caa33



102 OSSADZOW, TOURATIER, AND MULLER

If (E|, E», E3) is the material Cartesian system related to the lay-
ers, a point M of the structure will be located by its coordinates
(X4, X5, X3) in this system, which are functions of the shell coor-
dinates x,,.

The covariant vectors and material vectors are related via

oM
a = =X ozE s =E 20
g ox. p.oEp 8 3 (20)
Let [T'] be the matrix defined by
81 E,
& =I[T]|E; (21)
83 E;
the components of which are given by
Taﬁ = Xaﬁ, Tz'i = a'ﬁ (22)
Set
" !
(l-)mal _ (l)mal (i) _ (i)
{0‘ }plane =) %2 ’ {0‘ }plane =%
i mat (l)
‘71(2) %12
(23)

erlnlat el
{emal}plane = e?zdl s {e}plane =32
e e

C(i)mal C(i)mal O
1111 1122
(l )mal _ (l-)mal (l-)mal
[C ]plane - szn szzz 0
(l-)mal
0 0 2C15, 00
(l-)mal (l-)mal
2C5;  2C55
(l-)mal (l-)mal
2C1323 2C2323

(l-)mal _
[C ]shear - |:
Then we have, in shell coordinates for each layer

= T{o™™} . = TC™] L ITT ehane

plane plane

(25)

O_(l) O_(l)mal _ C(l-)mal _ e(l)
o_(z ) [Taﬁ] ( ymat 7 [Taﬁ] [ ]shedr[T‘zﬁ] (z)
23 23 23

or
{ <i>} _ [C“)] (e} 1(;) _ [C<“] e(li3)
c plane plane €Jplane> (i) shear | (i)
023 3
(26)
where
[C(i)]plane = [T] [C(i)mal]plane [T]il
27
[C(i)]shear = [T‘Zﬁ][C(i)mal]shear[Taﬁ]il

B. Interface and Free-Traction Boundary Conditions
The covariant shear-strain components of the shell can be ob-
tained by the formulas'?

€y3 = %[Uaj + Uy + bE(Us — X3Uﬁ¢3)] (28)

where | is the covariantderivative on the reference surface 2, with
respectto X,.

Thus, we have
1 ’ ’
a3 = 5|:77a + [ +bhf —x /)]y

+[8g +bE(g — x38") s + wia + blug

iY

m=1

— x3(",)bg]u(m)ﬂ H(x3 — x3(",))i| (29)

1. Free-Traction Boundary Conditions for the Shear at Top and Bottom
Surfaces of the Shell

According to Eq. (26), the free-traction boundary conditions on
the top and bottom surfaces of the shell can be written as follows:

e3(x3=0)=0 (30a)
eq3(x3=h) =0 (30b)
which yields
Me + 70+ wie + bE[ug + (W m)ps1 = 0 (31a)
and

+ [ + by — bhop + wie + blug

+Z[

=1

RE) 5]"(»1)13 =0 (31b)

Substituting 1, in Eq. (31b) by their expression from Eq. (31a), we
have
—1

bhos = 5 —[~28 + bl ]y + Z 2h[ — X3, D8ty (32)
or
N1
p.=dlyd + Z W —[P]7[& = x5 B i, (33)
where the tensor [d”] is given by
[d2] = (z/ 2m)[bP] ' [-28° +hbP] = (mi2m)[-2[b2] " +H[S]]
(34)
If D is the determinant of the latter system, we have
N-—1
PrS 4 22 £ et (39)
m=1

where

T N-—1
=g G et o

and where the ¢,,, coefficients are defined by

&1 =¢&n =0, en=—& =1 (37)
and the coefficientsA ,, by
Ayp=1-6, (38)

Finally, the transverse shear strains can be written in the following
form:

1
s = 5{[65@’ — D+ b =]y

h
+ [Q/jg’ +b° (g - —X3g/>:|<Pﬁ

N-—1
+ Z [5«/3 - x3(:n>bg]u(”‘>ﬂ H(x3 - x3(m>)} (39)

m=1
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2. Interface Conditions for the Transverse Shear Stresses
These conditions can be written as follows:

(i) _ _ i+ D
O3 (x3 - 'x3(i)) = Oy

(x3:x3(i))
(a=1,2i=1,...,N—1) (40)
or

ZC&)M{ lim0 €u3 (x3(i) — g)} = 2C((1i3;31>{ lim0 €u3 (x3(i) + s)}

e>0 >0

(a=1,2;i=1,...,N—1) (41

Substituting Egs. (35) into Eq. (39) and using Eq. (41) yield

| IS R
’ B v/ v h
= X35, f (x3(i))) +dy| 5.8 (x3(i>) +b, g(x3(i)) T

i—1
- x3(i)g’(x3(i))>:|:|yg +2 [(56) - x3(m)bf?)]u(”‘)ﬂ

m=1

N—1 h
+ 2 |:<6av)g’(x3(i)) +b;<g(x3(i)) T
m=1

—X3,8 (x3(i>)>> f(:‘;)v:| Uim)p i|

— C(i+ l)((#{; — X3(",)bf})u(l‘)ﬂ = O (42)

o303

which can be regarded as a linear algebraic system of 2(N — 1)
equations for the 2(N — 1) generalized displacements per layer
Uy, (a =1, 2). The latter can thus be expressed as functions of the
generalized displacements y as

0
Uiy = Gy 7 (43)
where the agn)a coefficients depend only on the curvatures and on
the material properties of variouslayers. For any specified laminated

shell where the bg are given, all of the agn)a are, therefore, known
constants.

C. Final Form of the Displacement Field
Combining Eq. (31a) with Egs. (35) and (43) leads to

B
e = —blug + ALy — wye (44)

where

p h =lh
A, = {ag + ;bgdf +2 —~ (;)Abiafm)y} (45)
m=1

Combining Eq. (35) with Eq. (43) yields

B
Pu = Ay (46)

where

h =
A(lﬂ)i:_ (#3+_b/1dﬁ+z - J’lblaﬁ , (47)
) o T ¢ A 7l m* e (m)
m=1
The expressions of the displacement components thus become

Uy = hup — X3wie + hh g, Us=w (48)

where hﬁ are known functions of x3 defined by

B B
hE = & f(x3) + 340 + 8(x3) ALY)

()*

N -1
+> agn)a (x3 — x3(m))H(x3 — x3(m)) (49)
m=1

D. Justification of the Representation of Transverse Shear

In the proposed theory, the transverse shear is represented by
means of the shear function f(x3;) and the membrane terms by
means of the function g(x;). Note that in the case of homogeneous
shells, terms including the Heaviside step function H vanish and
that setting f(x3) =x; and g(x3) =0 produces the uniform shear
strain

€u3 = % 773 (50)

where the 70 functions, obtained by shifting the ¥ functions on the
midsurface of the shell, are the measure of the transverse shear on
the midsurface of the shell

Vo = 7a — (W 2By, (51)

The shearstrain can then be related to the shear strain of the Naghdi'?
theory, measured on the midsurface of the shell

Naghdi
ea3

= $[@o + wyo + bLitg] (52)
where i1, are membrane displacements and @, rotations of the un-
deformed normals.

Also note, in the same way, the Koiter theory'* is obtained by
setting f (x3) = g(x3) =0 and y? = 0. The expression given in Eq.
(48) for the displacement field then becomes

Uoz = [Jguﬁ — X3Wq, U3 =w (53)

IV. Two-Dimensional Boundary-Value Problem

The equations of motion and the natural boundary conditions are
derived via Hamilton’s principle

/[{/ ci-féei,,»dv—/ pU-6UdV+/f-6UdV
0 v v v

+/ s SUdA +/ (=maypu + po) dS}dt =0 (54
A Qo

where 1) is the value at x3 = h of
p = det[u?] (55)

and where a superposed dot is used for differentiation with respect
to time 7, p is the mass density, & is the variational operator, f' are
components of body forces, s’ are the prescribed components of
stress vector per unit area of lateral surface of the shell, and p, and
Dy are the prescribed components of stress vector per unit area of
the surfaces Qg and Q.

Performing numerical integration through the thickness of the
shell, the following equations of motion are deduced from Eq. (54):

)P Ba ..o

a Ba .. af .. a
M‘(ﬁl — NDOF — iip — 7@ W 4+ I® Vg — FO

2)Pa 13 2)9b .. 2y .. 33 . 4HP ..
Mgy + N = I i + 19 iy + 1070 — L i

ap .. ap .. a .. 3 B
— I + I GO+ 1O 50, — PP = FO — 27 (56)

ap a a o .. a ..
M‘(;) — N®* _ N®* = (O iip + 7” 7

— 19", — FO° (@=1,2)
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In the last expression, the generalized stresses are given by

h
[N(l)a, N(Z)a] = /;) O'MF‘X[ﬂg\ﬁ’ hg\ﬁ]l’l dx;

h
3
N(l) :/ O'Aﬁ[leVﬁHde;
0
(57)
h
o o o v, «a a
[0, 1 0] = [ o s, 5,08, el
0

v

h
NO" = [ P [ulh®, + bheu dry
0 ”
The generalized external forces are given by

h
[FO", For FO ) = [ b [us, st hSJa u dry
0

h
FO = [ Pua,
0
(58)

h
[SO7, s, s3] = / 5P, he, X387 |npp dxs
0

h
3
s Z/ Sw”ﬁﬂ duxs, P¥ = —pugypn + po
0

and the inertia terms are given by

D r@% 73 g P 5P 6
[I(),I(),I(),I(),I(),I()]

h
= [ pa T, xs s, wPhg, 286, WO, e dx
0

(59)
1 = [ puan
0
The boundary conditions leading to a regular problem are
M(“aﬂnﬁ = s* or Su, =0
(M7 + M"Y + FPlng =5 or  sw=0
(60)

ap a
M3y = 5@ or =0

é[M(z)aﬁi + M(z)ﬂa]nﬁ =5 or Swy, =0

The displacement equations of motion are deduced from
Eqgs. (56-59), including the constitutive law given by Eq. (26).

V. Numerical Examples

To assess the accuracy of the present theory, the following prob-
lems, for which an exact three-dimensional elasticity solution is
known, have been examined: first, the bending of a simply sup-
ported sandwich plate'® and, second, the cylindrical bending of a
simply supported cylindrical panel.'”

The sensitivity of the model for a clamped, free-edge circular
cylindrical panel is also examined.

A. Bending of a Simply Supported Sandwich Plate
Consider a rectangular, symmetric cross-ply (0/90/0 deg) lami-
nated plate, simply supported on all edges, submitted to a doubly
sinusoidal load. The layers have equal thickness, the fibers of the
outer layers are oriented in the x; direction (0 deg), with those in
the innermost layer in the x, direction (90 deg).
The plate is rectangular, b = 3a. The mechanical constants for
each layer are
E,/ E; =25, Gy r/ Er =05
(61)
Grrl Er =0.2, vir = vpr = 0.25
where L and T are the directions parallel and normal to the fibers,
respectively, and v; r is Poisson’s ratio measuring transverse strain
under uniaxial stress parallel to the fibers. The plate is submitted to
a transversly doubly sinusoidal distributed transverse loading

P = Pysin[(n/ a)x,]sin[(7/ b)x,] (62)

Table 1 contains nondimensionalized deflections and stresses such

as
_ E7h3w(a/2, b/2) EThZO_“(a/z, b/2, h)
T — o) =
W Poa3 ’ H Poaz
_ Eph’oy(al2, bl2, 201 3) _ hoy(@2,0,h)
O = > hy = —————— (63)
Pgaz Pga
_ hoys(0,b/2,h) h?01,(0, 0. h)
o3=——> Oip =
Poa Poaz

The results obtained from the present theory are compared with
those obtained from the three-dimensional elasticity theory'®, the
Béakou and Touratier theory, the first-order shear deformation the-
ory (FSDT),'® and the refined Reddy theory.'®

For this problem, the presenttheory yieldsresultsthatarerevealed
to be closer to the exact three-dimensional elasticity solution than
those just mentioned especially as concerns the shear stresses, for
which a noticeable improvement appears.

Table 1 Nondimensionalized deflection and stresses in a laminated rectangular (b = 3a) simply supported plate under doubly
sinusoidal transverse load

w 611 622 612 623 613
al h Theory (al2, bl 2) (al2,bl2, h) (al2,bl2,2h/3) (0,0, h) (al2,0, hl2) (0, b/2, hl2)
4 Exact three dimensional 2.820 1.100 0.119 0.0281 0.0334 0.387

Present 2.743 1.107 0.115 0.0287 0.0318 0.384
Béakou-Touratier 2.729 1.213 0.106 0.0276 0.0298 0.378
Reddy 2.641 1.036 0.103 0.0263 0.0348 0.272
FSDT 2.363 0.613 0.093 0.0205 0.0308 0.188
10 Exact three dimensional 0.919 0.725 0.0435 0.0123 0.0152 0.420
Present 0.917 0.720 0.0434 0.0121 0.0149 0.439
Béakou-Touratier 0918 0.733 0.0418 0.0122 0.0147 0.441
Reddy 0.862 0.692 0.0398 0.0115 0.0170 0.286
FSDT 0.803 0.621 0.0375 0.0105 0.0159 0.189
20 Exact three dimensional 0.6100 0.650 0.0299 0.0093 0.0119 0.434
Present 0.6095 0.650 0.0298 0.0093 0.0115 0.448
Béakou-Touratier 0.6095 0.650 0.0294 0.0093 0.0113 0.453
Reddy 0.5937 0.624 0.0253 0.0083 0.0129 0.289
FSDT 0.5060 0.623 0.0253 0.0083 0.0127 0.190
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Fig.2 Laminatedcircu-
lar cylindrical shell.

B. Cylindrical Bending of a Simply Supported Cylindrical Panel

The bending of a circular, cylindrical, laminated, symmetric
cross-ply (0/90/0 deg) shell, of thickness 4 and inner radius R, with
a central angle @ = 7/ 3, infinite in the x; direction, so that it is in
a state of plane strain with the (x,, x3) plane, is considered (Fig. 2).
The polar angle coordinate will be denoted 8(—® < 6 <0).

The mechanical constants for each layer are identical to those
given in Eq. (61). The panel is simply supported along its edges.
Results obtained with our theory are, first, compared with the ex-
act three-dimensional elasticity solution of the same problem as
obtained by Ren."”

Distributionsof dimensionlessin-planecircumferentialstress and
transverse shear stress through the thickness are plotted, and the
influence of curvature on the dissymmetry of the transverse shear
stress through the thickness is shown.

The panel is submitted to a transverse loading

P = Di (64)
It is found that
oo w10
[”“’3]_[0 R]’ La ]_[0 1/R]
, o1 o 1[I0 )
[“’3]_[0 —R]’ [’3]_[0 —1/R]

il ={y ra)

According to Eq. (48), the displacementcomponentsof the shell are

U, =0, U = pus — xswp + b3y, Vs=w (0
where
h ©R h
h2 = TR + f(x3) + 2—h<2+ E>g(x3)
N—1 _
1 x3(’n) 7[ R X3(m)
—xn(1+ =2 ) - —(1
+le[ 2x3< R ) w\' TR
+ (X3 - _x3(m))H(-x3 N X3(m))}a(2M)2 (67)

and the associated strain components are
— ,2[,2 2,0
ey = ﬂg[ﬂg”m — X3wpy + hyyy, — bzzw]

(68)

ey = é[u%hig +b§h§]720, en=ep=e3=0

From Eqgs. (56-58) and Eq. (26), the following governingequations
are deduced:

Aluziyzz + Blwiyzzz + CIYZ?ZZ + B/lwlyz = O
A%y 500 + B*w o + Cz?’ﬁzzz + B%w .y + A'us s
+C), + B*w =[1+ (W R)]p (69)

A3M2$22 + B3w1222 + C3)/2({22 — CSQ/ZO + B/4u)4'2 =0

where the values of the constants A', B',..., are given in
Appendix A.
From Eq. (60), the boundary conditions are
w(@0=0)=wl@=—-d)=0
MY (0=0)= MO (0=-d) =0 (70)
MY (0=0)=MY(0=-d)=0

If the transverse load can be expressed as

p=2_ P{"sin(Ax,) (71)

n=1

then, the solutions of Egs. (69) are obtained as

o0 o0
uy = A cos(Ax,), w =Y B™ sin(Ax,)
n=1 n=1
(72)
o0
70 =2 C cos(Axy)
n=1
where
A=nnl @ (73)

and AV, B™, and C{" are constants to be determined from the
following linear algebraic equations:

A 0 ‘l
K| B™ | =|[l1+(h/RIP" (74)
c 0

where the coefficients of the stiffness matrix K are given in
Appendix B.

Using Egs. (66-68) and Eq. (26), the displacement, strain, and
stress components of the shell can be calculated.

As a special case, numerical computations are performed for

p = pn = Pysin(nx,/ @) (75)
The ratio
R +0.5h
5= +T (76)

which measures the relative thickness of the laminated shell, will
be used in the following.

Distributions through the thickness of the shell of dimensionless
in-plane circumferential stress and dimensionless transverse shear
stress are plotted. The good agreement of the results yielded by the
proposedmodel with the exact three-dimensionalelasticity solution
can be seen in Table 2, where a comparison with results obtained
by He? and with the classical thin shell theory is made.

Figure 3 shows, for s = 10, the variations through the thickness
of the shell of dimensionless circumferential shear stress
0'22(0 = —n/ 3)

O = Pos? (7n
Figure 4 shows, for s = 10, the variations through the thickness of
the shell of dimensionless transverse shear stress

B = 0x3(0 7/ 3) (78)

POS

From Table 2 and Figs. 3 and 4, it may be noted that the proposed
model yields results closer to the three-dimensional solution than
previous theories. The distribution of the transverse shear stress
through the thickness of the shell is nearly parabolic and satisfies
both compatibility conditions at layer interfaces and on the bound-
ing surfaces. It clearly appears that no shear-correction factors are
required.
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Table 2 Nondimensionalized deflection and stresses in a laminated circular cylindrical simply supported
panel under sinusoidal transverse load

w 62 623
s Theory 0, @/2) Error, % 0, @/2) — (h, DI2) (h/2,0)
2 Exact three dimensional 1.436 2.463 0.394
—3.467
Present 1.538 7 2.434 0.358
-3.26
He 1.59 10.72 0.480
CST 0.0799 106 0.686
—0.870 —_—
4 Exact three dimensional 0.457 1.367 0.476
—-1.772
Present 0.494 7 1.438 0.470
—1.819
He 0.500 9.4 0.396
CST 0.0781 82.91 0.732 —_—
—0.824
10 Exact three dimensional 0.144 0.897 0.525
—0.995
Present 0.145 4 0.97 0.519
-1
He 0.152 5.5 0.590
CST 0.0777 46 0.759 —_—
—0.796
50 Exact three dimensional 0.0808 0.782 0.526
—0.798
Present 0.0802 0.69 0.787 0.519
—0.794
He 0.0800 0.99 0.520
CST 0.0776 3.96 0.774 —_—
—0.792
100 Exact three dimensional 0.0787 0.781 0.523
—0.786
Present 0.0783 0.5 0.777 0.520
—0.780
He 0.0780 0.89 0.520
CST 0.0776 1.39 0.776 —_—
—-0.779
Opn Ox
1 0.5
0.5 0.4
0.3
X3 0.2
h 1
-0.5
0.2 0.4 0.6 0.8 1 x
-1 3

Fig. 3 Distribution of nondimensionalized circumferential stress
through the thickness of the shell at 8 = — (7/3) for s = 10: ——, present
theory, and ———, exact solution.

C. Clamped Free-Edge Panel

The sensitivity of the theory to edge effects for a clamped, free-
edge circular cylindrical panel is examined. The mechanical and
geometrical properties of the considered panel are the same as those
describedin Sec. V.B. The panelis submitted to a simple sinusoidal
load,

p = py = Pysin(Axy) (79

where
A=nld (80)
Two ways are known to take into accountedge effects: 1) the cor-
rection of the elementary theories near the edge zone (see, among
others, Refs. 19 and 20) and 2) the development of higher models

(see Refs. 21 and 22). Our approach is of the second kind. In the
absence of an exact three-dimensional elasticity solution for the

Fig. 4 Distribution of nondimensionalized transverse shear stress
through the thickness of the shell at 8 = — (7/3) for s = 10.

considered problem, the numerical reference solution for the fol-
lowing analysisis based on a three-dimensionalsolid finite element
computation.

The boundary conditions are, for the clamped edge

Ub=0=0 (81)
and for the free edge

MO% (0= —d) =0, MPP(0=—-d) =0

22 3 (82)
MP7(0=—-d) =0, NY' (0= -d)=0
As
U =0
U= U, =plus — xzwp +h3y) (83)
U3 =w
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Eq. (81) results in

u(6=0)=0, w,(0=0)=0
(84)

70 =0) =0, w(@=0)=0

Because of the boundary conditions obtained via Hamilton’s princi-
ple, eight equations are obtained, which leads to the determination
of the eight independent constants of integration.

The solution,in term of generalizeddisplacements, is obtained by
combining the general solution of the correspondinghomogeneous
system with a particularsolution of the complete system. The prob-
lem considered requires solving the following governing equations
from Eqgs. (56):

Aty 2 + B'w 55y + C! 7’2?22 +B'w,=0 (85a)
AUy 500 + B w g0 + Cz?’ﬁzgg + Bw 5 + Atuy,

+C*y0, + B'w = [1+ (W R)lp (85b)

Ay + BPwoy + C? 7’2?22 —Cy) +B*w,=0 (85¢)

where A!, B!, ..., are the same constants as in Eq. (69).
The solution of the homogeneous system is searched as

u, = Uye™™?, w = W,e™?, e =T,  (86)
Substituting Eq. (86) into the homogeneous system corresponding
to Eq. (85), three linear equations in terms of Uy, Wy, and I are
obtained. For a nontrivial solution, the determinantof the coefficient
matrix must vanish, resulting in a polynomial equationin s.

An eighth-orderequationin s is obtained. Beside the s = 0 double
root, there are two purely real and four complex roots. They will be
denoted sy, S5, 53, S4, S5, and s, respectively.

A particular solution of Eq. (85) is given by

w = —[(uy Po)/ BY],

Therefore, the final solution is obtained as

u, =0, 72 =0 87

Uy = " + -+ g e’ + P
w =P " 4+ Bg e + P — (u, P/ BY) (88)
Ve =ne€ 4y e+ P

where oy, ..., o, Bi, ..., Ps, and y1, ..., ¥ are constants of inte-
gration and P, P;, and P, polynomial functions of the first degree
in X2

P:al)C2+ag, Pl :b1X2+b0, P2:C1X2+C0 (89)
whose presence is due to the double root s =0.

Hence, 24 constants (o, ..., %, Bi, ..., Bs> Y1 ---» Vs, a1, do,
by, by, ¢, and cy) have to be determined. A 24 x 24 system of equa-
tions is, therefore, required. This systemis obtained in the following
way. First, two equationsare choosenin the differentialsystem (85),
where u,, w, and 7,20 are replaced by their expression obtained in
Eq. (88). The exponential functions e*1*2, . . ., e"*2 and the polyno-
mial functions being independent, identification leads to 16 linear
equations in oy, ..., 0, Bi, ..., Bss Yir---» Yes a1, o, by, by, 1,
and c,. Second, Eq. (88) is then used in the boundary conditions
(81) and (82), leading to 8 linear equations in terms of a, . .., @,
Biso-osBss Y1y -y Yo, a1, Ao, by, by, 1, and ¢o. The required sys-
tem of 24 linear equations in terms of oy, ..., &, Bi, ..., Bs,
Y1s -5 Yo A1, g, b1, by, ¢y, and ¢ is thus obtained, allowing the
determination of those constants.

With Eqgs. (66-68) and the constitutive law (26), the displace-
ment, strain, and stress components of the shell can be calcu-
lated. Results obtained with the model have been compared with
three-dimensional 20-node brick elements (4500 elements, which
correspond to 63,777 degrees of freedom) and two-dimensional
eight-nodeReissner-Mindlin finite elements (5000 elements, which
correspond to 91,806 degrees of freedom) computations, as shown
in Figs. 5 and 6. In terms of finite element nodal constraints, the

6 )
- 60 0

free edge clamped edge

Fig. 5 Distribution of o,; along the circumference of the shell at
x3 =2h/3 for the clamped free-edge panel (s =10): ——, present the-
ory; ———, three-dimensional 20-node solid finite element model from
ABAQUS; and — —, two-dimensional 8-node finite element model from
ABAQUS.

Oy ( Mpa)

6 (°)
- 60 0

free edge clamped edge

Fig. 6 Distribution of 0,3 through the circumference of the shell at
x3 =2h/3 for the clamped free-edge panel (s = 10): ——, present theory,
and —-—, three-dimensional 20-node solid finite element model from
ABAQUS.

clamped supportis simulated by setting the components of the dis-
placement vector equal to zero. The length of the cylinder has been
taken equal to a = 10h.

From Fig. 5 and Table 3, the following remarks can be made.
First, the boundary condition (nullity of the in-plane stress o3, at
the free edge) is satisfied; then, the circumferential stress is not a
maximum at the clamped edge, but in a region close to it. To assess
the accuracy of the proposed model, results from a two-dimensional
shell finite element computation have been considered. Results ob-
tained with the present theory are seen to be closer to those given by
the three-dimensionalsolid finite element (Reissner—-Mindlin type)
model than those of the two-dimensional shell finite element model.
Far from the clamped edge, results are almostidentical. They begin
to differ as one approaches the clamped edge. Note that the two-
dimensional shell finite-elementyields less accurate results than the
present shell theory. The edge effects, which lead to rapid changes
in stress profiles, are confined in a region close to the clamped edge
with a length which is of the order of the thickness of the shell.
Similar results have already been observed in Ref. 23.

From Fig. 6 and Table 4, the following remarks can be made. In
the vicinity of the free edge, results obtained from the present theory
are close to those obtained with the three-dimensional solid finite
element computations. Results tend to separate as one approaches
the clamped edge, especially as concerns the maximum value of
the transverse shear stress, located in a region close to the clamped
edge. As with other refined theories, our theory gives an obviously
incorrect result at the clamped edge, due to the imposed boundary
condition y{(x, =0) =0 [see Eq. (84)]. Refined theories based on
Eq. (12) are, of course, more sensitiveto edge effects than first-order
theories.!?
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Table 3 Values of the circumferential stress o, along the circumference of the shell at
x3 = 2h/3 for the clamped free-edge panel (s = 10)

022, Mpa 022, Mpa (x3 =2h/3) 022, Mpa (x3 =2h/3)
(x3=2h/3) Three-dimensional solid Two-dimensional solid
0, deg Present theory finite element model finite element model
0 56.19 42.91 59.26

—0.63 55.13 45.61 58.18

—1.26 54.08 48.33 57.09

—1.89 53.03 49.62 56.00

-2.53 51.99 50.63 5491

-3.16 50.96 50.54 53.81

-3.79 49.94 50.73 52.71

—4.42 48.93 50.36 51.06

—5.05 47.93 49.96 50.50

—5.68 46.94 49.31 49.39

—6.315 45.96 48.66 53.81

—6.324 44.98 47.89 52.71

—7.56 44.02 47.12 —_

—8.21 43.06 46.28 —_

—8.84 42.12 45.44 —_

-9.47 41.18 44.55 —_
—12.63 36.65 39.9 37.41
—18.95 28.32 30.23 27.29
—25.26 20.99 21.35 18.49
—31.58 14.71 13.98 11.37
—37.89 9.49 8.35 6.12
—44.21 5.39 4.44 2.68
—50.53 242 2.03 0.8132
—59.53 0.61 0.71 9.72E—02
—60 0 0 1.20E—05

Table 4 Values of the transverse shear-stress 0,3 along the
circumference of the shell at x3 = 2//3 for the clamped
free-edge panel (s =10)

23, Mpa 023, Mpa (x3 =2h/3)
(x3=2h/3) Three-dimensional solid
0, deg Present theory finite element model
0 0 4.656
—0.63 5.042 5.548
—1.26 6.014 6.441
—1.89 6.292 6.812
—2.53 6.702 7.159
-3.16 6.936 7.303
-3.79 7.155 7.522
—4.42 7.247 7.614
=5.05 7.344 7.711
—5.68 7.408 7.775
—6.324 7.481 7.848
—6.947 7.511 7.879
—7.56 7.549 7.917
—8.21 7.567 7.934
—8.84 7.583 7.951
—10.105 7.642 7.945
—11.368 7.662 7.926
—12.63 7.672 7.835
—13.895 7.682 7.738
—15.158 7.697 7.615
—16.421 7.643 7.471
—17.684 7.479 7.306
—18.95 7.389 7.124
—25.26 6.175 6.001
—31.58 4.385 4.659
—37.89 3.073 3.265
—44.21 1.843 1.980
—50.53 0.944 0.947
—59.53 0.199 0.280
—60 0 0

VI. Conclusion

A new refined bidimensional shell theory, which allows the com-
patibility conditions for displacements and stresses at layer inter-
faces to be exactly satisfied, is proposed. This theory, which keeps
only five independent generalized displacements, also takes into
account refinements of the shear and membrane terms, by means
of trigonometric functions. The accuracy of the model is assessed
by applying the theory to problems for which an exact three-

dimensional elasticity solution is known. Through comparison with
results given by previoustheories (first-order shear deformationthe-
ory, Reddy theory, Béakou-Touratier theory, and He theory) and
with, of course, the exactsolution, it is shown that the present model
lightly improves accuracy.

The sensitivity of the proposed model to edge effects for a
clamped, free-edge panel is also examined. In common with other
refined theories, the present theory appears to be more sensitive to
edge effects than the first-order shear-deformationtheory. This new
theory has also been extended to dynamics, in another paper.

Appendix A: Coefficients
The coefficients appearing in Eqs. (73) are given by

C2222 dx C2222 3
3,

dX';

/ o zfydxg
[2%)

C2222

x3pzhypdxs
/ C2222h2( ) ”dx%

.

C
== / = bzzﬂghgﬂ dx;

h
C2222 2
*=/ C2 ),
0 [25]

Con bzz (ﬂz) pdxs

h h
Con 3 2
A* = 2 (ﬂ%) X3 dxs, t= szzz(ﬂ%) by gt dxs
o () 0
/ Coo
= - x3(13) X3 dxy
o ()2 )

h
B* = —/ C2222x3y§b22y dxs
0

h
C 2
¢t = [ 2 h) v an,

h
ct Z/ Comhi oot dxs
0
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h
C2222

2
(%) by (H%) x3pdx;
2

B//Z _

h
B* = —/ szzzﬂ%(bzz)zﬂ dx;
0

h
= [ Comluiil + B Han,  BR= B 4B
0

Numerical integration is performed with a Gauss rule.

Appendix B: Elements

The elements of the stiffness matrix K appearing in Eq. (78) are
given, where K;; is an elementin the ith row, jth column,

Kll = _AZA;I)’ KZI = (A3AE¢2)_2‘T;1))’ K31 = _AZAEE)
Ky = AAYD, Ky = (=224 + T"), Ky =247
K3 =2A, Ky = [P AP —2TV]
Ky = [/IZA(;) + Ty(3)]
where
h
4
AP = —/ a”szzz(u%) podxs
0
h 3
Af) = —/ szzzazz(ﬂg)‘hgﬂ dx;
0

h
A = / aiczzzz(azzxﬂz - bzz) (H§)3H dx;
0o &

h
1
A = / a_C2222(022/12x3 - bzz)(”%)zhgﬂ drs
0 2

h
3
A(yl) = —/ a®Cophs(p3) 1 dxs
0
h
2
A(y3) = —/ szzza”hi(u%) h3p dxs
0
h
AD = _ LC 2, 233 d
u = 22220 (Hz) X3 dX3
0 %
h
1 2
Tu(l) = —/ —szzz(ﬂg) by dix;
0o

h
2
AEUZ) = / szzzazz(azzlzx:; - bzz) (H%) X3 dX3
0
h
TV = / Conn (a3 — b)) p3bn pt dxs
0
h
AD — _ iC 2p2(,2)? d
y = o 22200 Z(Hz) X3 M dX3
0o ®

h
1
T = —/ — Comnh5u5boopt duxs

0o @

h
2

Numerical integration is performed with a Gauss rule.
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